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TELEGRAPH PROCESS IN THE BOUNDED DOMAIN WITH ABSORBING 
LOWER BOUNDARY AND REFLECTING WITH DELAY UPPER 

BOUND ARY| 

Abstract 

We study the asymmetric one-dimensional telegraph process in the bounded domain. 
Lower boundary is absorbing and upper boundary is reflecting with delay. Point stays 
in the upper boundary until switch of regime occurs. We obtain the distribution of this 
process in terms of Laplace trasforms. 
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1 Introduction 

Telegraph process was introdnced in and m- It was shown in these works that telegraph 
process is closely related to the well-known PDE called telegrapher’s eqnation. Telegraph process 
has been applied to the nnmber of problems in physics (n, ini], IS]) and economics (P], Pj, 
0,1211, m, IZ21, 1131). A growing body of literatnre is dedicated to the properties of telegraph 
process: [IH] and |6] derive the distribution of the symmetric telegraph process, its maximnm and 
first passage time for nnbonnded domain, [16] solve telegrapher’s eqnation with reflecting and 
partially reflecting bonndaries, [12] solves telegrapher’s eqnation by the Adomian decomposition 
method, [2] and [14] analyze asymmetric telegraph process on nnbonnded domain, [4] and [8] 
solve time-fractional telegrapher’s eqnation inclnding the case of bonnded domain with different 
types of bonndary conditions, [I9] solves telegrapher’s eqnation in the domain with variable 
borders. 

We are interested in the dynamics of telegraph process in the bonnded domain with absorbing 
lower bonndary and reflecting npper bonndary. Unlike [16], we assnme that reflection is not 
instantaneous — point stays in the upper boundary until switch to the regime 0 occurs. That 
type of boundary conditions was analyzed in [1] and the dynamics for the case of two boundaries 
of this type was described in [20]. However, the case of mixed boundaries, to the best our 
knowledge, was not yet analyzed in the literature. We derive the system of two partial differential 
equations with boundary conditions and solve them by the method of Laplace transform. The 
solution is given in the terms of inverse Laplace transform of rather cumbersome functions. 


2 Statement and solution of the problem 

We consider telegraph process A{t) in the bounded domain [0, B] for some B > 0. There are two 
regimes s{t) G {0,1} defined by velocities /xo < 0 for the regime s = 0 and > 0 for the regime 
s = 1. The rates of occurences of velocity switches are Aq > 0 (for the switch from regime 0 to 
1) and Ai > 0 (for the opposite switch). The process starts at some point A(0) G [0, B] in some 
regime s(0) G {0,1}. When A{t) becomes negative for the hrst time, process stops. When A{t) 
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hits -B, it stays in B until the switch to the regime 0 accurs. In order to describe the evolution 
of the process, we introduce functions 


F,{t,A) = P{A{t)>A,s{t) = s). (1) 

The dehnition of the process leads to the following description of dynamics 

Fq [t + At, A) = (1 — AgAt) Fg (t, A — figAt) + Ai-gAtFi-g [t, A), s G {0,1} (2) 

for small At, which leads to the system of partial differential equations 


( 3 ) 


^Fq {t, A) — —/xo^-fo {t, A) — Ao-Fq {t, A) + AiFi {t, A), 

|Fi (f, A) = it, A) - AiFi it, A) + AqFq {t, A). 

In order to derive boundary conditions, substitute A = 0 and A = S to (E]) and note that 
Flit, —jiiAt) = Fi{t, 0) and F0{t, B — /loAt) = 0. After some simple calculations we get 


A 


Fi{t,0) = 0,Foit,B) = 0. 


( 4 ) 


Our goal is to solve the system ([3]) with boundary conditions dl]). To do so, we multiply both 
equations by e“^^ for some arbitrary ^ and integrate them with respect to A: 


|Lo (t, 0 = -ho /o (f, A) dA - AoLq (f, 0 + Ai^i (A 0 , 

(A 0 = -hi {t. A) dA - AiLi {t, 0 + AoLo (f, 0 , 


( 5 ) 


where 


fB 

Lg{t,0= e-«^F,(f,A) dA,sG{0,l}. 

Jo 

Integrating by parts and using the upper boundary condition, we get 


( 6 ) 


/ (t, 0 — ho0 (f) — ho? Aq (f, 0 — Ao-ho (f, 0 + Al-hi (f, ^), , . 

1 {t, ?) = —hi6 (t) + fii'i/j (t) — /ii? Li {t, ?) — AiLi {t, ?) + AqLq {t, ?), 

where 

Fo {t, 0) = (p (t) , Fi {t, B) =uj (t), Fi {t, 0) =^|J (t). (8) 

Now taking Laplace transform of (I7j) with respect to t, we get 




Aihi^(h) , (hi? + h +Ai)/xo0(h) 


{p — n) {p — m) {p — n) {p — m) 

AiFi(0,?) (pi? + p + Ai) Fq (0, ?) 


+ 


{p — n) {p — m) 


{p — n) {p — m) 


+ 


(p — n) {p — m) 


T ( c\ w (p) hi (ho? + P + Ao) e pi (po? + P + Ao) (p) 

Ai (p, ?) =-^-TV-^^-TV-^-+ 


Aopo0 (p) 


( 9 ) 


(p — n) {p — m) 

(ho? + P + Aq) Fi (0, ?) AoFo(0,?) 


(p — n) [p — m) 


(p — n) {p — m) 


ip — n) ip — m) 


+ 


(p — n) {p — niY 
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where p is the parameter of Laplace transform, tilde means Laplace transform of a fnnction and 


-hoC - - \/9 - Ao - Ai + y/q-Ao-Ai 

n- 2 2 

q = ^^^0 ~ PqPi + ^^/ii + 2 ^ Ao/io ~ 2 ^ Ao/ii — 2 if Ai/io + 2 f Ai/ii+ 

Aq + 2 AqAi + Ap 

We now prove the simple 

Proposition 1. 1. m is positive for snfficiently big absolnte valnes of f and any valnes of 
the parameters of the model. 

2. n is negative for any valnes f and any valnes of the parameters of the model. 

Proof. 1. Expanding m in a Taylor series in the neighborhood of f = +cxo, we get 


e A AqAi 

m ^ -/xof - Ao - — - r, 

i (Ao - hi) 

which is positive for snfficiently big positive valnes of f. Expanding m in a Taylor series in the 
neighborhood of f = —cxo, we get 


m 


—f Pi — Ai + 


AqAi 


^ (Ao - hi) ’ 

which is again positive for snfficiently big negative values of f. 
2. Inequality n < 0 may be rewritten as 


- M - Ao - Ai < yg. (11) 

If the expression on the left side is negative, inequality is proven. Assume it is positive: 

+ f Pi + Aq + Ai <0. (12) 

Taking squares of both sides of flTTl) . we get 

+ AqPi + Aipo) < 0. (13) 

Assume po + pi > 0. Then (IT^ leads to 

^ < -Aq - Ai ^ (, 

Po + hi 

Hence, first multiplier in firsjl is negative. Consider the second one: 

—Aq — Ai AqP? T AiPq 

fpohi + AoPi + Aipo > poPi-;-1“ AqPi + Aipo =-;-> 0, 

Po + hi ho + hi 

hence flT^ holds. Similarly, assume po + hi < 0- Then flT^ leads to 

f >-^^ > 0. 

ho + hi 

Hence, first multiplier in flT^ is positive. Consider the second one: 

/- A A —Aq — Ai Aohi T Aihn 

fhohi + Aohi + Aipo < hohi-;-1" Aohi + Aipo =-;-< 0, 


ho + hi 


ho + hi 
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hence (fl^ holds. Obviously, if /io + /^i = 0, flT^ cannot hold. Proposition is proven. 
Inverting Laplace transform in ([9]), we get 


Ai/iie Ai/iie 

^0 P, ^-^-r 


-n + m 


-n + m 


/iid^n(t)Ai /io(^/ii+ n +Ai)$„(f) 


—n + m 


—n + m 


e"*+ 


(t) Ai ^ /ip (^Pl + m +Ai)«l>^ (t) I ^ 


—n + m 


—n + m 


Aie 


nt 


+ 


Aie' 


mt 


—n + m —n + m 


Li ( 0 ,+ 


+ n +Ai)e”‘ ^ (^/ii + m +Ai)e"^* '^ 


-n + m 


-n + m 


Om (t)/xi (/xp^ + m + Aq) e 7 ^ g (t) 

-^1 P, —-^-1-^-h 


-n + m 

Ap/xp$n (t) /xi (axp^ + ^ + Ap) dx„ (f) ^ 

e “ 1 “ 


—n + m 


—rx + m 


( AoAXo<hm (^) /Xi (pp^ + m + Aq) (f) , 


\ —rx + rrx 


—rx + rrx 


"*An 


-rx + rrx 


"'An 


—rx + rrx —rx + rrx 


Ap(0,+ 


(ho-^ + rx + Ao) e""' ^ (pp^ + rrx + Ap) e""* ' ^ 


-rx + rrx 


-rx + rrx 


(14) 


where 11^ [t) = vr (r) e"^"^ dr for vr G ?/^,a;} and k E {rrx,rx}. Since the process stops with 
probability one, Lq and Li tend to zero as t tends to inhnity for any In view of Proposition 1, 
the necessary condition for this is that the coefficients of e™* tend to zero as t tends to inhnity. 
This leads to the system of two equations, one of them turns out to be identity and the second 
one is 


T (a (^hi + + Ai) Lp (0,^) /Xp (^/ii + rrx + Ai) -fSn r 1 e;^ 

Ai( 0,4) =-----/xiW^ + pie « ilm, (15) 

Al Ai 


where Ilfc = /g°° 7 r (r) e dr. We now consider the lower boundary condition. Twice integrating 
([ 6 ]) for s = 1 by parts, we get 


A ^ 

0 = (t, 0 ) = JV1 (t, 0 + « n (i. B) ® - « n (i. 0 ) + e-« (t, S) - 

Applying mean theorem for the integral, we get 


0 = Af, ((, 0) = ((, 0 + X n (i, B) e-«« - X Fi (i, 0 ) + e-S»Af, ((, B) _ 

1 3^ / ^ \ 3^ / ^ \ 

__f(,a(«)) + —^r(M(t.o) 

for some point A(t,^). Tending ^ to +cx), we get 
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( 16 ) 


0 = lim {fLi (()) . 

5^00 

Substituting (fT^ to ffT^ . we obtain 

r c\ - ^m(t)/ii(/io^ + m + Ao)e“^^+™* /ii (/io^ + + Aq) (t) 

-^1 It; Sj —-^-r 


-n + m 

Aofio^n{t) /Ui (/io^ + n + Ao) (t)' ^ 

e + 


-n + m 


-n + m 


f AoUo^rn jt) ^ fii (/Xq^ + m + Aq) (t) \ 


\ —n + m 


-n + m 


+ 


e^^Ao 


-n + m 


e^^Ao 


-n + m —n + m 


-^o(0,0+ (17) 


(//o^ + n + Ao) + m + Aq) e™* 


—n + m 


—n + m 


/ ('C Ai + ^ + ^i )-^0 (0, fii + m + Ai) j -iBr, \ 

I---+ fJ-ie ^ ilm j ■ 


Now we apply the following representation of every integral: 


_k^ , 7r(r)e TT (0) 7r'(r)e (0) tt" (6*) tt" (0) e 


TT (r) e dr = 


+ ■ 


■ + ^w^ + ' 


, p ' h 1.2 ' 1.2 ' hS 1.3 

/q n^rnrnrnrn 

Substituting it to flTTD and applying Taylor series for big we get 


-,T e {t,oo}. 


Li (f,0« 

Substituting flTSl) to flTHll we get 


(0 Ai + 0 (t) Ao - i>' {t) 

hie 


(f) Ai - 0 (f) Ao + 'ip' {t) = 0. 

Substituting flT^ to (IT^ and integrating by parts, we get 


(18) 


(19) 


Li (o,e = 

hohi^ i’ (0) - Lq (0, e ^ AqPi + Homj) (0) + po-0 (0) Ai - Lp (0, ^) mAp - Lp (0, ^) AjAp 

AqAi 

(m^ pohi + ^ Aipohi + + 2 mAipo + ApAipi + Afpo) ( b ) e"™’’" dr 


( 20 ) 


AqAi 


Pie 


-^B 


cj (r) e-™" dr. 


We now exclude ^ from fl20D . To do so, we express ^ through m from flTOj) . It can be done 
in two ways: 


e = 


-po"i - mpi - Aopi - Aipo + \/r 


2pohi 

2 m^pohi + b2^Ai 
^ohi + 2 AqAiPoAi + l^iho- 


,6 = 


Pom + mpi + Aopi + Aipo + i/r 
2poPi 


2 2 

r = m //q 


2 mAoPoPi + 2 mAoPi + 2 mAiPg — 2 mAipoPi+ 


( 21 ) 
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We also introduce 


U = m/io + + Ao/ii + Ai/xq - V^, W = m/xo + + Aq^i + Ai^uq + xA". (22) 

Substituting into (l20D . we get: 


Li 0, 
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2/io/i 


—2 m/xoA (0) — 2 /ioA (0) Ai + (0) 


^^g 2 M 0 Mi / c<;(r)e 

Jo 


2AoAi 


[/ 


+ 


2Ai^o V 2//oAti, 

(—2 mJfiQ — 4 mAi/io — 2 AqAi/ti — 2K\^q + Um + UKi) /q°°A ('^) e"'"’" dr 


Li ( 0, 




2/io/ii 

poo 


2AoAi 

—2 miiQip (0) — 2 /ioA (0) Ai + W'0 (0) 
2AoAi 




+ 


/” , , -mr 1 -2 m^uo - 2 Ai/io + r 

//le^^oMi / a;(r)e dr +-—- Lq 0,-- 

Jo 2Ai/io V 2/io/ii 

(—2 m^iiQ — 4 mAi/io — 2 AqAi/ti — 2K\^,q + Wm + WAi) /o°°'0 (r) e"™'’" dr 

2AoAi 


(23) 


This is the linear system of equations on two unknowns. We derive its solution as the 

combination of fundamental solutions. Indeed, let '0^(t) and u}\{t) be solutions of (|23|1 for 

Fo(0,A) = 0, Fi(0,A) = 5a{x) and A(0) = 0 and and oj\{t) be solutions of (|23|1 for 

Fo(0,A) = dA{x), Fi(0,A) = 0 and A(0) = 0 and '0^(t) and uj\lt) be solutions of (l23|) for 

Fo(0, A) = 0, Fi(0, A) = 0. Then the general solution of (l23|) can be found as 


A(t) = 

uj{t) = 

Substituting Fo(0,A) 
we get 


B 




?J^(r)Fo(0, A)dA+ / 'iIj\{t)Fi{ 0, A)dA + 


B 


B 


a;^(r)Fo(0, A)dA + / a;^(r)Fi(0, A)dA + c<;^(r). 


(24) 


0 Jo 

= 0, Fi(0, A) = Sa{x) and A(0) = 0 into fl23|) and solving the system, 



UA WA \ 

e^MOMi f/Ag — e^TO''! WAg j 

/ WB UB 

fiQ I e^'^oMi S2 + S'le^'^oMi 



2AiAgAi /g uiq 




dr 




-e -|- 


Ag (mAo - mui - Ag^i + AiAo + s) 

-p 2/.40M1 

S 2 IJ 0 


(25) 


Substituting Fo(0, A) = 6a{x), Fi( 0, A) = 0 and A(0) = 0 into fl2^ and solving the system, 
we get 
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/ WA UA \ 

poo I e^MOMi 5*2 + Si ) 

/ a;], (r) e—dr = ^ ^ 

'0 /ii ( 5*2 + 


( 26 ) 


’, 1 , ^ -mrj 2 AiA„;ii/“ wi (r) e “^(Jt ^ 2AiAo ^ 

Va v) ® ~ -- e^i^on -- e^nn . 


s,. 


s,. 


Substituting Fo(0,24) = 0 and Fi(0,A) = 0 into fj2^ and solving the system, we get 


(t) e dr = 


^2 g-mr _ 


2s^(0) 


WB UB \ '! 

S2 + Sie^f^ot^i 


(27) 


VV ID U ID 

-'ll) (0) (—2 m/io — 2 A 1//0 + U) e^'^oMi + ip (Q) (—2 m/io — 2 A 1//0 + hh) e^'^o^i 

Xy.B UB 

0 2 ^ 0^1 5*2 _|_ 5*^0 2 ^ 0 ,^! 


Hence, in order to derive explicit formulae for u)% 'ij)% u\, 'iIj\, , 'ij)'^, we need to find correspond¬ 
ing inverse Laplace transforms in fl25|l . fl26|) and fl271) . After that u and if) can be found from 
fl2^ and (j) can be found from flT^ . After that Lq and Li can be found from flT^ . which gives 
the full description of the dynamics of the process. 
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